2014 International Conference on Mechatronics and Control (ICMC)
July 3 -5, 2014, Jinzhou, China

Robust Control Invariant Set of Linear Systems with Disturbances

Shuyou Yu
Department of Control Science
and Engineering, Jilin University

Changchun, China 130012
Email: shuyou@jlu.edu.cn

Peng Qu
Electric Power Automation Department
ACRE Coking & Refractory
Engineering Consulting Corporation,
MCC, Dalian 116085, china

Yang Liu
Department of Control Science
and Engineering, Jilin University
Changchun, China 130012
Email: liuyang9407@126.com

Email: acreqp@sina.com

Abstract—In this paper the schemes to compute robust control
invariant sets for linear (uncertain) systems are collected, which
are not necessary minimal robust control invariant sets. Firstly,
the concept of logarithmic norm is resorted to a simply differen-
tial functional inequality. Feedback control laws are obtained for
both of the two schemes. In the scheme based on the differential
functional inequality, the obtained robust control invariant set is
a level set of the storage function.

I. INTRODUCTION

Robust control invariant set refers to a bounded state space
region in which the system state can be confined, despite
the presence of disturbances or uncertainties, through the
application of a control law [1,2]. Invariant set plays an
important role in the robustness analysis and synthesis of
controllers for uncertain systems [3-9]. Furthermore, terminal
set, which is an invariant set of considered systems under
a linear control law, is needed in the formulation of model
predictive control (MPC) [10, 11]. Both recursive feasibility
and asymptotic stability can be assured by the appropriately
chosen terminal set and the related linear control law [12—
14]. Tube MPC [15-19] considers minimization of a nominal
cost functional rather than a worst case one, while imposing
the fulfillment of constraints for all admissible disturbances.
The algorithms utilize both a state feedback control law
and a control action. The control action which is calculated
online, steers the nominal system state to the equilibrium. The
state feedback control law keeps the actual trajectory of the
constrained system in robust control invariant sets centered
along the nominal trajectory.

The effect of disturbances or perturbations is a common is-
sue related to analysis and synthesis of dynamical systems [20,
21]. In a typical situation, the value of the perturbations or
disturbances is unknown but bounded. If the perturbations or
disturbances are non-vanishing, i.e., do not disappear while
the state is close to the equilibrium, asymptotic stability is
in general not possible. However, under certain conditions,
robust control invariant of the systems can be guaranteed.
Recently, many research efforts have been directed to the
problem of computing robust invariant sets. The approximation
of the minimal robust invariant set of an asymptotically
stable discrete time linear time-invariant system is considered
in [22], which allows one to a priori specify the accuracy
of the approximation. Compared with linear control law [22],

978-1-4799-2537-7/14/$31.00 ©2014 IEEE

nonlinear control law (piecewise affine in the most frequently
encountered cases) is adopted [23], where the existence of two
families of robust control invariant sets is established. An al-
gorithm for the computation of robust control invariant sets for
linear discrete-time systems subject to norm-bounded model
uncertainty, additive disturbances and polytopic constraints on
the input and state is proposed in [2]. The proposed scheme
explicitly takes account of norm-bounded model uncertainty
and does not require any iterative computations or initial
estimates of the invariant set. The construction of robust
control invariant sets of systems with matched nonlinearity
and a particular class of piecewise affine systems are exploited
in [24]. The maximum controlled invariant set for discrete-
time systems is characterized as the solution of an infinite-
dimensional linear programming problem [25], and finite-
dimensional approximations of the dual of which provide a
converging sequence of semi-algebraic outer approximations
of this set. A real function is called a D. C. function if it is a
difference of two convex functions. A method for computing a
convex robust control invariant set for discrete-time nonlinear
uncertain systems is presented [26], exploiting the properties
of D. C. functions.

In this paper, algorithms for computing robust control invari-
ant sets are proposed. Exploiting the properties of logarithmic
norm, a condition for the robust control invariant set of
linear time-invariant systems is provided. It shows that if
the controlled linear systems is exponentially stable, there
exists a robust control invariant set. Based on a functional
inequality, robust control invariant sets of linear systems with
perturbations and disturbances are considered, where both
polytopic and norm-bounded linear differential inclusions are
used to model the uncertainty of the linear systems. The
proposed method is interesting for two reasons. On one hand,
it indicates further robust control invariant sets are useful
tool for controller synthesis of linear uncertain systems, and
it guarantees robust stability for an adequate set of initial
conditions. On the other hand, it provides a fairly simple
algorithmic procedure.

This paper is organized as follows. Section II concerns with
the system description and the definition of robust control
invariant sets and robust invariant sets. Section III deals with
the problem of calculating a robust control invariant set for
linear time-invariant system by logarithmic norm. Section IV
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reviews a general scheme to compute robust control invariant
sets, and a numerical point of view on it. Section V discusses
robust control invariant set of linear uncertain systems, namely
polytopic and norm-bounded uncertain systems. Finally, Sec-
tion VI presents conclusions.

A. Notations and Basic Definitions

Let R denote the field of real numbers, R™ the n-
dimensional Euclidean space, Z denote the set of integer
numbers. For a vector v € R, ||v| denotes the 2-norm.
Suppose that M € R™ ™ A\yin (M) (Amax(M)) is the smallest
(largest) real part of eigenvalues of the matrix M. Moreover,
* is used to denote the symmetric part of a matrix, i.e.,

a bl [a
i el

of a set.

j . The term Co{-} denotes the convex hull

II. PROBLEM SETUP

Consider the following linear uncertain systems:
t=(A+AA)x+ (B+AB)u+ (By + ABy)w, (1)

where x(t) € R is the state of the system, u(t) € R
the control input. The signal w(t) € R™ is the exogenous
disturbance or uncertainty, which is unknown but bounded,
and lies in a compact set,

W .= {U) € R" | Hw” < wmar}a

ie., w(t) € W for all ¢ > 0. The system matrices A €
R7exne B ¢ R"=X" gand B,, € R %" gare constant ma-
trices, AA € R"**" AB € R">*"u and AB,, € R?%X"w
are compatible uncertain matrices. Equ. (1) is a set-valued
function or a differential inclusion rather than a function.
Accordingly, the linear time invariant system:

#(t) = Ax(t) + Bu(t) + Byw(t), (2)

is the “nominal” system of the given system (1).

Remark 2.1: Only 2-norm bounded disturbances are con-
sidered in this note. However, if W := {w € R™ | ||w||oc <

;w “Wpmaz | 18 chosen, the results proposed can be extended

irectly to deal with co-norm bounded disturbances.

Before proceeding, the definition of robust control invariant
sets and a technique assumption on the system (2) are intro-
duced. It shows that a robust (control) invariant set is a region
of the state space such that the trajectory generated by the
dynamical systems (under control) remains confined in the set
if the initial state lies in it.

Definition 1: [3] A set Q C R™ is a robust control invariant
set for the system (2) if there exists a feedback control law
r(+) such that for all z(tg) € Q and for all w € W, x(t) €
for all £ > tg.

Furthermore, if the control law «(-) is determined, € is a
robust invariant set of the closed-loop system.

Assumption 1: The pair (A, B) is stabilizable.
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III. ROBUST CONTROL INVARIANT SET BASED ON
LOGARITHMIC NORM

In this section, the concept and characterization of logarith-
mic norm are introduced. Then, robust control invariant set
based on logarithmic norm is discussed.

The logarithmic norm of a matrix M is defined as [27, 28]

(M) = lim W

3
h—0+ h ’ ®
where the symbol || - || represents any matrix norm defined in

the inner product space with inner product (z,y), and I is the
compatible dimension identity matrix.

For the standard inner product (z,y) := 2Ty, the logarith-
mic norm of the matrix M is given by [29]

pua(M) = sup Re(x, Mx) 4)

llzll=1
where Re represents the real part of a complex number.
Equ. (4) is equivalent to

M+ MT
o (M) = Mg () .

2

If the finitely many dimensions (x,y) := 2T Hy, where H
is compatible positive definite matrix, then

pr(M)=max{\ | det(M"H + HM —2)\H) =0}, (5)

where det(+) is the determinant of given matrix [29]. Equ. (5)
specifies g (M) as a solution of a generalized eigenvalue
problem. If H = I, it reduces to ua(M).

For the sake of computation purposes, Equ. (5) is reformu-
lated as the form of matrix inequality:

pr (M) =min {8 | M"H + HM —28H <0}, (6)

Next lemma collects a subset of well-known results, the
proof can be found in [28,29], or reference therein.

Lemma 1: Let M and N be quadratic matrices, and A\> 0
denotes a positive real number. Then

- M) = (M),

- p(M + N) < p(M) + p(N),

M) < enthr,

It concludes immediately from Lemma 1 that ||e??|| < 1 for
all nonnegative ¢ if and only if pu(M) < 0 [28,29]. Equ. (4)
and Equ. (5) show that logarithmic norm is not a real norm
since it can be negative in some cases.

Since (A, B) is stabilizable, there exist a state feedback
matrix K € R™ X"+ and positive matrix P € R"**"= such
that (A + BK)TP + P(A + BK) < 0 [30]. Compared with
Equ. (6), in the case of (A + BK)"P + P(A+ BK) < 0,
there exists p,(A + BK) such that p,(A + BK) <0, ie,
etA+BR) < 1,

For simplicity, denote A, := A + BK. We can write the
solution of the system (2) under the control law u := Kz as

t
x(t) = €A”t:€(0) +/ GACL(tiT)BwUJ(T)dT (7)
0

where x(0) is the initial state of error system.



The exogenous disturbance w(t) is bounded in the inner
space (z,y) := 27 Pz such that |w|, < wpmax in terms
of the equivalent induced matrix norm, where wp max 1S a
given scalar. For example, if (x,y) = T Hy, then Wp max <
)\max<P)wmaz-

The following theorem provides a way to construct robust
control invariant sets of the system (2).

Theorem 1: Consider the system (2). Suppose that there
exist matrices K € R"™+*™» and positive matrix P € R"»*"=
such that y,(A.) < 0. Then, the set

| Buo |l pwp,max }
—Hp (Acl)

is a robust invariant set of the system (2).

Proof: The inequality ||e*<tt||, < et»(At) s used to estimate

the solution (7):

Q= {x eR™ | |z, < )

)

2@l < || 2O, + o7 Byw(r)ar

p
By ||,w
< 6/1,p(AClt) 2(0 + (1 - euP(Aclt)) || w ||pPp,max
— ” ( )Hp _Np (Acl)
Bw” Wp,max HBwH Wp max
:e/,l,p(Acl) ( (0 o || PP, ) prP=p,
” ( )HP _/J/p (Acl) _Mp (Acl)

Thus, if x(0) € Q, then xz(t) € Q) for all t> 0. Therefore,
is an invariant set of the system (2). O

Remark 3.1: If there exists a matrix K € R"» x R"»
such that ps (A+ BK) < 0 for the pair (A4, B), then, the
closed-loop system has the “optimal” transient behavior since
|eAt|| < Mer2(A+BE) and M = 1.

The forgoing discussion also gives a valuable insight into
part b) of Problem 1, in the chapter of “Problem 6.3” [31],
for the system which has the property of us (A + BK) <O0.

Remark 3.2: The linear system (2) is exponentially stable if
w(t) =0 and pp(Ag) <0, since AL, P+PAy < 2pu,(Aq)P.
Theorem 1 shows that there exists a control invariant set if the
system (2) is exponentially stable.

Remark 3.3: 1f standard inner product (z,y) = zTy is
adopted, there is no guarantee that there exists a matrix
K € R™ x R™ such that us (A + BK) < 0 for any pair
(A, B) even if (A, B) is stabilizable.

Theorem 1, together with Remark 3.2, show that there exists
a control invariant set if the corresponding nominal systems
are exponentially stable. In the next section, robust control
invariant sets of linear systems with uncertainty are considered.

IV. ROBUST CONTROL INVARIANT SET BASED ON
DIFFERENTIAL INEQUALITY

Definition 2: [30] A continuous function « : [0,a) —
[0,00) is said to belong to class K if it is strictly increasing
and «(0) = 0. It is said to belong to class Ko if ¢ = co and
a(r) = oo as r — o0.

Lemma 2: [16] Let S : R™ — [0,00) be a continuously
differentiable function and ay(|lv]]) < S(v) < as(]|v]).
Suppose there exist A > 0 and p > 0 such that

d
%S(v) +AS(v) — pwtw <0, YweWw, (10)

where o1, «g are class Ky, functions. Then, the system
trajectory starting from v(ty) € € will remain in the set €,
where

2
Q= {veR"w |S(v)<*“”;’m}. (11)
The following proof gives an interpretation of Lemma 2 from
the optimization theory perspective.
Proof: For the system (2), x ¢ Q is equivalent to S(x) >
Mloax and w € W is equivalent to w(t)"w(t) < w3, for
all t > 0. In terms of the S-procedure [32], it is sufficient for

S(z) <0 for all x ¢ Q and for all w € W, if it holds that
d ,uw?nax 2 T

_7‘5’(‘%)_)‘ S($)— _M<wmax_w<t) w(t)) > 07
dt A

LG(x)+A\S(x) — pwTw <0,

with 1 > 0 and \ > 0. That is, o
Sfor all w(t) € W. O

V. AN EXTENSION TO LINEAR UNCERTAIN SYSTEMS

Our goal is to find a robust control invariant set (1) for the
given differential inclusion.

A. Polytopic Model of Linear Uncertain Systems
If [A+ AA,B+ AB, B, + AB,] € X, where

E::CO{[Al Bl Bw,l],w-a[AN BN Bw,N]},
(12)

then, » is a polytopic model of the system (1),
[Ai B; By, i € Zji n). is the vertex matrix of the set
>, and N is the number of vertex matrix.

Theorem 2: Suppose that there exist a positive definite
matrix X € R™*"= 3 non-square matrix Y &€"«*"= and
scalars A > 0 and p> 0 such that

[(AiX +BY)T + A, X + B)Y + \X Bwﬂ] <0, (13
* —ul

for all i € Zjy n). Then, with u(t) := Kx(t) and S(x(t)) :=

x(t)T Px(t), where P := X! and K := Y X!, inequal-

ity (10) is satisfied for the PLDI (12). Therefore, the system (1)

is robustly invariant in the set

2
Q::{xER"I|xTP:E§mU>\W}.

Proof: Pre-and post-multiplying (13) by diag(P, I) yields

[(Ai"rBiK)TP-l—P(Ar‘r BE)+AP PB,;

. _M] <0, (14

for all i € Zp Ny Multiplying (14) from both sides with
[o(t) w(t)] and [vT (1) wT(t)]T, respectively, due to (1), it
follows that the inequality & (v(t)" Pu(t)) + Av(t)T Pu(t) —
pw(t)Tw(t) < 0 is satisfied for all w(t) € W. Therefore,
inequality (10) holds for the system (1). O
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B. Norm-bounded Model of Linear Uncertain Systems
If [A+ AA,B+ AB, B, + AB,] € ¥, where
Y :={(A,B,By) | A=A+ MA(t)Ny,
B =B+ MA(t)Ny, B, = By, + MA(t)N3B,, },
M, Ny and N, are known matrices of appropriate dimensions
and A(t) is a time-varying norm-bounded matrix satisfying
a(A(t)) <1,

then, ¥ is a norm-bounded model of the system (1).

In the proof of the next lemma, the following lemma is
needed.

Lemma 3: [33,34] Given matrices Y, H, E of appropriate
dimensions and with Y symmetrical, then

Y+HFE+ETFTHT <0

for all F satisfying FTF < I, if and only if there exists a
scalar € > 0 such that

Y+eHHT + e 'ETE <.

Parallel to Lemma 2, we have the following lemma:

Theorem 3: Suppose that there exist a positive definite
matrix X € R" X" a non-square matrix Y &™=*"=_ and
scalars A > 0, u > 0 and e€> 0 such that

I' By, (NX+ NyY)
x  —pl N3 < 0. (15)
* * —el

Then, with v := Kz and S(x) := 27 Px, where I' =
(AX +BY)T + AX + BY + \X +eMM”, P:= X! and
K := Y X!, inequality (10) is satisfied for the system (1).
Therefore, the system (1) is robustly invariant in the set

D=3z R |zTPxr < LU;:L“’ .
Proof: Congruence (15) with diag{P, I, 1}, we have
PTP PB, (N,+N:K)
* —ul N3 <0. (16)
* * —el

By the Schur complement, (16) is equivalent to
[(A + BK)'P+ P(A+ BK)+ AP PB,
* —ul

g [Nl T NoK

N, :| [(Nl +N2K)T Nd]

+{Pé‘q (MTP 0] <0,

Since G(A(t)) <1 and e> 0, due to Lemma 3, the forgoing
equation is equivalent to

{H PBu,] <0,

*  —ul | —

where [ = (A+MAN, +(B+MAN)K) P +

P(A+ MAN; + (B+ MANy)K) + AP. Mulriplying (15)
. . T T 7T

from both sides with [v(t) w(t)] and [vT(t) w'(1)]",

respectively, inequality (10) holds for the system (1). O

C. Optimization of the robust control invariant set

In order to reduce the effect of disturbances or perturbations,
the minimal robust control invariant set is recommended. The
volume of ellipsoid centered at the origin €2 is proportional

2
to det (“wfa"X ) [32]. The geometric mean of the eigenval-
ues [35] which leads to minimization of det(aX )i, can be
used for solving the determinant maximization problem.

The minimization problem of the ellipsoid {2 can be formu-
lated as

1
2 o
wa X\ "=
maximize det (N Lax >

17
XY\ A (17
subject to  (13)
or
2 X =
maximize det (M‘) : (18)
XY\ e A

subject to  (15)

Remark 5.1: The optimization problems (17) and (18) are
not linear matrix inequalities (LMIs)Qoptimization problems
since there exists terms of AX and % In order to find a
possible minimum robust control invariant set by LMI toolbox,
a search over \ and u, or A\, i and e, is required, respectively.

VI. CONCLUSIONS

In this paper, schemes for the computation of robust control
invariant sets are proposed for systems with norm-bounded
uncertainties or polytopic uncertainties and additive distur-
bances. Logarithmic norm as well as the functional inequality
is used to design the robust control invariant set along with
their corresponding linear state feedback control law. It shows
that there exists a robust control invariant set if the system
without additive disturbances is exponentially stable, although
it is not necessarily a minimal invariant set. Furthermore, the
robust control invariant set and the corresponding control law
can be solved through a single LMI optimization problem.
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